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This paper investigates the passive stability design of a sailcraft on a displaced orbit with the orbit and attitude

considered simultaneously. The objective is to stabilize the orbit-attitude coupled system passively by designing the

sailcraft parameters. The design results show that the system can bemarginally stable with passive control. First, the

criteria for the passive stability of the sailcraft are given, and the coupled equations ofmotion are obtained. Then, the

whole design problem is converted into an optimization problem by converting the design parameters into the

optimization parameters, the static requirements of the stability criteria into constraints, and the dynamical

requirements into the optimization function. Finally, an example of the optimal design is given. The simulation

results under different initial conditions show that the sailcraft is marginally stable on the orbit.

Nomenclature

F1 = resultant force of solar radiation pressure force
exerted on S1 and S2, N

F2 = resultant force of solar radiation pressure force
exerted on S3 and S4, N

hi = distance from apex to mass center of Si, m
L = length of boom used to support the payload, m
mb = mass of support bus, kg
mp = mass of support payload, kg
ms = mass of support bars, kg
n = resultant force vector of solar radiation pressure, a

unit vector
ni = unit normal vector of Si, a unit vector
ns = unit normal vector of solar light, a unit vector
O = apex of cone formed by sails
Os = mass center of sailcraft
Osxbybzb = body-fixed frame
oxoyozo = orbital frame
P1 = pressure center of S1 and S2
P2 = pressure center of S3 and S4
rAB = vector from point “A” to point “B,” m
Si = area of specific sail, m2

z = displacement of displaced orbit, m
� = angle between resultant force vector of solar

radiation pressure and solar light, rad
�i = angle between solar light and normal vector of Si,

rad
� = lightness number of sail, dimensionless
�1 = angle between S1 and S2, rad
�2 = apex angle of S1 and S2, rad
� 01 = angle between S3 and S4, rad
� 02 = apex angle of S3 and S4, rad
� = angle between boom and xb axis, rad
� = weight coefficient in optimization function,

dimensionless
� = solar gravitational constant, m3=s2

� = characteristic index, dimensionless
� = radius of displaced orbit, m
	 = density of sail, kg=m2

� = �’ 
  �T , rad
 , �, 
 = yaw, pitch, and roll Euler angles, rad
! = angular velocity vector of sailcraft, rad=s

Subscripts

b = projection of vector in body-fixed frame
o = projection of vector in orbital frame
0 = quantity related to equilibrium point or reference

displaced orbit

I. Introduction

R ECENTLY, attention has been focused on solar sail missions,
such as the new artificial Lagrange point created by solar sail to

be used for NOAA/NASA/DOD (National Oceanic and
Atmospheric Administration)/(U.S. Department of Defense) to
provide early warning of solar plasma storms, before they reach
Earth [1,2]. Sailcraft usually have a very large and complex structure,
and conventional thrusters and reaction wheels are usually
impractical or inefficient for the sailcraft control. Therefore, passive
control is a good option; thus this paper investigates the passive
stability of a sailcraft on a displaced solar orbit with the orbit and
attitude considered simultaneously.

Displaced sailcraft orbits have been investigated for several years.
In 1981, Forward [3] considered a displaced solar sail north or south
of the geostationary ring. More recently, McInnes and Simmons [4]
has donemuchwork on the issue, inwhich large families of displaced
orbits were investigated by considering the dynamics of a solar sail in
a rotating frame. The dynamics, stability, and control of different
families of displaced orbits were investigated in detail [5–9].
Molostov and Shvartsburg [10,11] investigated the displaced orbits
when the solar sail with absorption was considered.

Attitude dynamics is another very important issue for solar sails.
Attitude stabilization of a space vehicle by solar radiation pressure
was first proposed by Sohn [12]. Since then, many researchers have
investigated attitude stabilization of a satellite using solar radiation
pressure. In fact, such a solar-pressure attitude control concept has
been successfully implemented on a certain type of geostationary
satellites as well as several interplanetary spacecraft. However,
attitude control of a sailcraft is different from the solar-pressure
attitude control for ordinary spacecraft. Recently, several attitude
control strategies for solar sails have been proposed. The attitude
dynamics and control of solar sails using a gimbaled control boom
were investigated byBenjamin [13]. The gimbaled control boom and
sail control vanes were discussed in detail in [14,15], and multiple
simulations were given for various sail missions. In [16], the control
system employs two ballast masses running along the mast for pitch/
yaw control and roll stabilizer bars at the mast tips for quadrant tilt
control. The second strategy employed a micropulsed plasma
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thruster mounted at the mast tips for attitude control. Passive control
of an interplanetary spacecraft was discussed in [17] and passive
control of the solar sail on the displaced solar orbit was investigated
in [6]. The results from [6] show that the solar displaced orbits are
stable if the sail pitch angle is fixedwith respect to the rotating frame.

Most literatures dealt with the orbit and attitude of the solar sails
separately. The attitude is usually investigated solely, and the orbit
control is investigated with the assumption that the attitude can be
adjusted freely to control the orbit. However, for the displaced orbits,
the controlled attitude may lag behind the required attitude and that
may make the orbit unstable. In addition, the deviation from the
reference orbit will influence the attitude. Therefore, the orbital
dynamics and attitude dynamics should be coupled to analyze the
orbit stability.

In this paper, a sailcraft with a special configuration is discussed.
Based on the presented configuration, the criteria of passive stability
for the sailcraft on a displaced orbit are given. Then, the orbit-attitude
coupled equations of motion for the solar sail are obtained. The
coupled equations are linearized around the equilibrium solution to
the equations and the stability of the equilibrium solution can be
obtained by investigating the linear system. Last, the sailcraft
parameters are designed to guarantee that the equilibrium point is
stable. The results show that the orbit and attitude are bothmarginally
stable with passive control.

II. Passive Stability Design Criteria

A four-triangle-form sail is adopted as the design model in this
paper. Four isosceles triangles form a positive cone, four spars
support the sails, and the spacecraft bus is positioned at the apex of
the cone. The payload is located at the end of a massless boom, as
shown in Fig. 1. The merit of the design is that the mounted payload
can be used to perform active control when perturbations or solar
activities drive the sailcraft off the nominal orbit.

The configuration of the sailcraft is shown in Figs. 1 and 2. The
opposed triangle sails are designed with an equal apex angle, and
match of the two sides of the adjacent triangles leads to the relations,
given by

� 01 � 2sin�1
�
tan
�2
2

� ���������������������������������
sec2

�2
2
� sin2

�1
2

r �
(1)

� 02 � 2sin�1
�
sin
�1
2
cos

�2
2

�
(2)

As given in [9], the lightness number of a sail is determined by its sail
density 	 (kg=m2), as given by

�� 1:53

	
� 10�3 (3)

As shown in Fig. 2, the two pressure centers P1 and P2 can be
obtained by geometric relations, which are given in Eqs. (C6–C9).
The resultant solar-pressure force exerted on the sailcraft can be
given by

F s � F1 � F2 (4)

The expressions of F1 and F2 are given in Eqs. (B1) and (B2),
respectively. The resultant torque relative to the center ofmass can be
given by

M Os
� rOsP1

� F1 � rOsP2
� F2 (5)

The expression forMOs
is given in Eq. (B5).

As discussed in [16,17], an interplanetary spacecraft is often
considered to be statically stable when its center of mass lies between
the sun and the center of the pressure. Passive stability means that,
when the attitude is in an equilibrium position, the resultant solar-
pressure force passes through the center of mass so that the resultant
torque generated by the solar-pressure force is zero, and stabilizing
torques are generated whenever the attitude deviates from the
equilibrium position. For passive stability design, the attitude
equilibrium position should be the attitude required to generate the
orbit. Therefore, the force required by the orbit, denoted as Fr,
should be equal to the solar-pressure force generated by the sailcraft
at the equilibrium position, that is, Fs � Fr. In addition, the solar-
pressure torque relative to the center of mass should be zero when the
attitude of the sail is in equilibrium position, that is,MOs

� 0.
The constraints Fs � Fr andMOs

� 0 are the static requirements
for the passive stability. To guarantee that the attitude equilibrium
position is the attitude required to generate the orbit, the inertia of the
sailcraft should be designed appropriately. Another requirement on
the passive stability design is that, once the attitude or the orbit
deviates from the equilibrium position, restoring forces and torques
should be generated to stabilize the attitude and orbit. These
requirements will be discussed in the following sections.

III. Displaced Solar Orbits

A displaced solar orbit is a circular sun-centered orbit displaced
above the ecliptic plane by directing a component of the solar
radiation pressure force in a direction normal to the ecliptic. For a
single plane sail, the sail orientation is defined by its normal vectorn,
fixed in the rotating frame, and the sailcraft performance is
characterized by the sail lightness number�0 [5]. As shown in Fig. 3,
to keep an equilibrium in the rotating frame, the sail pitch angle �0
and sail lightness �0 for a displaced sun-centered orbit of radius �0,
displacement z0, and orbital angular velocity !0 are given by [9]
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Fig. 1 Sailcraft on a displaced solar orbit.
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Fig. 2 Geometric parameters of the four sails.
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Fig. 3 Definition of reference frame.
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tan�0 �
�z0=�0��!0= ~!�2

�z0=�0�2 � 1 � �!0= ~!�2
(6)

�0 � �1� �z0=�0�2�
1
2
f�z0=�0�2 � �1 � �!0= ~!�2�2g

3
2

��z0=�0�2 � 1 � �!0= ~!�2�2
(7)

where r20 � �20 � z20, and ~!2 � �=r30.
Here we define two frames, orbital frame oxoyozo and body-fixed

frameOsxbybzb. The origin of the orbital frame is the mass center of
the sun; the xo axis is in the elliptic plane and rotates around the sun
with an angular velocity !0; the z0 axis is in the direction of the
angular velocity !0; and the yo axis forms a right-handed triad. The
origin of the body-fixed frame is the mass center of the sailcraft.
When the sail is in equilibrium position, all the axes of the body-fixed
frame are parallel to those of the orbital frame. The transformation
between the two frames can be completed by three Euler rotations.

Assume that the opposed sails S3 and S4 are placed windward, as
shown in Fig. 1. Because the required solar-pressure force lies in the
plane spanned by !0 and r0, the sails S3 and S4 should be designed
with equal area and placed symmetrically. However, no symmetric
axis exists in the plane spanned by!0 and r0. Therefore, the opposed
sails, denoted by S1 and S2, need to be either designed unequally or
placed asymmetrically. The angle between ns and the normal vector
ofSi is denoted as�i (i� 1, 2, 3, 4). For the symmetry of the sailcraft,
we have

S3 � S4 (8)

�3 � �4 �
� � � 01

2
(9)

�1 � �2 � � � �1 (10)

The required solar-pressure force for a displaced solar orbit of radius
�0, displacement z0, and orbital angular velocity!0 can be given by

F r � �	�S1 � S1 � S3 � S4� �ms �mp �mb�
�0�

r40
�n 	 r0�2n

(11)

The inertia of the sailcraft in the body-fixed frame is the summation
of the inertia of every part of the sailcraft, given as
I� Ibus � Isail � Ispar � Ipayload. The detailed calculations of the
inertia are presented in Appendix A. When the sailcraft is on a
displaced orbit, the normal vectors of the sails should rotate once per
orbit with respect to the inertial frame. To make sure that the
equilibrium solution to the attitude equation of motion is the attitude
required to generate the displaced orbit, the angular momentum of
the sailcraft should be conserved when the sailcraft is revolving on
the orbit. Therefore, the direction of the angular velocity should be
parallel to one principle axis of the inertia. The sailcraft is
symmetrical with respect to the plane spanned by !0 and r0.
Therefore, only the nondiagonal element Ixz of the inertia is nonzero.
In addition, the payload can be adjusted appropriately to make sure
that the direction of the angular velocity is parallel to a principle axis,
namely, Ixz � 0. The resultant solar-pressure force lies in the plane
spanned by!0 and r0; thus the mass center of the sailcraft should lie
in this plane. Therefore, the payload only needs to be adjusted in the
plane. Then, two parameters L and � can be employed to determine
the position of the payload, where L is the length of the massless
boom and � determines the direction of the boom.

IV. Dynamical Attitude Equations

The relative orientation of the sailcraft, with respect to the orbital
frame, is described by three Euler angles (’, 
,  ) of the rotational
sequence of R2�
�  R1�’�  R3� � from the orbital frame to the
body-fixed frame. The transition matrix can be given by

A� R2�
�R1�’�R3� � (12)

The angular velocity components of the sailcraft in frame Osxbybzb
can be given by

! b �
!x
!y
!z

2
4

3
5� � _ s
c’ � _’c


_ s’ � _

_ c
c’ � _’s


2
64

3
75� A 0

0

!0

2
4

3
5 (13)

Let �� �’ 
  �T and denote sin 
 and cos 
 by s
 and c
,
respectively. Then, the kinematical differential equation can be
written as

_��
_’
_

_ 

2
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3
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�!x�!0c’s
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s’��!y�!0s’�c’��!z�!0c’c
�c
s’

��!x�!0c’s
�s
��!z�!0c’c
�c


2
4

3
5

(14)

The attitude equation of motion can be obtained as

I _!b �!b � �I!b� �MOs
(15)

where I is the inertia, and the expression ofMOs
is given in Eq. (B5).

The subscript b denotes the projection of a vector in the body-fixed
frame and o in the orbital frame. For passive stability design,
f’� 0; 
� 0;  � 0g is an equilibrium solution to the attitude
equation.

For small Euler angles, the attitude equation can be linearized
around the equilibrium point, given by

��� J1 _�� V1�� 0 (16)

The coefficient matrices are given in Eqs. (B7), (B9), and (B11).

V. Coupled Attitude and Orbital Equations of Motion

As described previously, the sailcraft attitude will determine its
orbit. When the stability and control of the orbit are analyzed, the
attitude should be considered. On the other hand, the solar-pressure
torque exerted on the sailcraft changes with the orbit of the sailcraft.
Therefore, the orbit and attitude should be combined together to
analyze the stability of the coupled system.

As discussed in previous literature, only a two-body problem is
employed to analyze the dynamics of the sailcraft. Namely, only
solar gravitational force and solar radiation pressure force are
considered. Thus, the orbital equation can be given by

�r o � 2!0 � _ro �!0 � �!0 � ro� � f�ro� � g�ro;nio� (17)

where f�ro� is the gravitational force of the sun, and g�ro;nio� is the
solar-pressure force. Their expressions are given in Eqs. (B3) and
(B4).

Now, the orbit-attitude coupled equations can be obtained by
combining Eqs. (15) and (17)�

�ro � 2!0 � _ro �!0 � �!0 � ro� � f�ro� � g�ro;nio�
I _!b �!b � �I!b� �MOs

(18)

The kinematical equation for the attitude equation is given by
Eq. (14).

The normal vector of each triangle sail, which is a constant vector
in the body-fixed frame, can be expressed in the orbital frame as

n i
o � ATnib �i� 1; 2; 3; 4� (19)

The solar-pressure direction ns, which is related to the position
vector of the sailcraft, can be expressed in the body-fixed frame as
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n s
b � Anso (20)

In the coupled equations, the orbital equation includes the attitude
information nio, and the attitude equation includes the orbital
information r andnsb. Therefore, it can be concluded that the attitude
and orbit are closely coupled.

For the passive stability design, fr0o � ��0 0 z0�T;�0 � 0g is an
equilibrium solution to the coupled equations. The coupled
equations can be linearized around the equilibrium point, and the
linear equations can be obtained by perturbing the sail from its
nominal orbit and attitude. A perturbation � is added to the sail
position vector and � is added to the Euler angles such that ro �
r0o � � and�� �0 � �. Then, the linear variational equations can be
obtained as �

��� J _�� V�� L�� 0

��� J1 _�� V1�� L1�� 0
(21)

The coefficient matrices are given in Eqs. (B6–B11). They are
determined by the value of the equilibrium point. Since the body-
fixed frame and orbital frame are consistent with each other at the
equilibrium point, all the vectors can be expressed either in an orbital
frame or in a body-fixed frame. The projections of the vectors in these
two frames are given in Appendix C.

The stability of the system can be obtained by checking the
eigenvalues of the coefficient matrix, given by

C�

03�3 E3�3 03�3 03�3
�V1 �J1 �L1 03�3
03�3 03�3 03�3 E3�3
�L 03�3 �V �J

2
664

3
775 (22)

whereE3�3 and 03�3 are the unit matrix and zeromatrix, respectively.
To quantify the stability or instability of the system, the parameter

�, termed as the characteristic index, is defined as the maximal real
part of all the eigenvalues, that is, ��max1
i
12Re�
i�. If � < 0, the
system is asymptotically stable and a smaller � means a faster stable
transient response. If �� 0, the system is marginally stable . If � > 0,
the system is unstable and a larger � means a faster divergent
response.

VI. Passive Stability Design

According to the passive stability design criteria, the resultant
solar-pressure force Fs, resultant solar torque MOs

and the
nondiagonal element of the inertia Ixz should satisfy the constraints
given by 8>><

>>:
Fs � Fr
MOs
� 0

Ixz � 0

(23)

Equation (23) guarantees that the equilibrium solution to the attitude
equation is the attitude required to generate the displaced orbit, which
is the static requirement. Another dynamical requirement is that
stabilizing torques or forces will be generated if the attitude or the
orbit deviates from the equilibrium position. For the design proposed
in this paper, three rotations are coupled. If the design is not
appropriate, the restoring torque generated in one direction may be
counteracted by the torque generated in another one. Besides, even if
the attitude is passively stabilized by the restoring torque, the orbit
may be unstable, because the orbital stability relies not only on the
attitude, but also on the displaced orbit size and the sailcraft
configuration.

The objective of the passive stability design is to optimize the
design parameters so as to minimize the characteristic index.
However, the system cannot be made asymptotically stable using
passive control. Therefore, the optimal result for the dynamical
requirement is that � is minimized to zero (marginal stability). The
design parameters related to the sailcraft are given as follows: the

area of the triangle sails S1, S2, and S3; the apex angle of the triangle
sail �1; the angle between the opposed sails �2; the parameters
determining the position of the payload L and �; the parameter
determining the attitude of the sailcraft �1.

The solution space for the design parameters is not null. Therefore,
the sail area can be optimized when the sailcraft is passively stable.
With the sail area to be optimized, the objective function can be
written as

J� �� �
X4
i�1

Si (24)

where � is a weight coefficient and should be chosen appropriately. If
� is too large, the system may be unstable. Otherwise, the sail area
cannot be optimized to be minimal.

Now, the design problem can be converted into an optimization
problem as stated: find optimal parameters Y � �S1 S2 S3 �1 �2
l � �1�T that minimize J subject to equality constraints given by
Eq. (23). For the design problem in this paper, many local optimal
solutions exist for the design parameters. For local optimization
methods, the solution is dependent on the initial values of the
parameters and it converges easily to the local optimal solution.
Genetic algorithms are a global optimization method and can usually
avoid local optimal solutions. Therefore, a genetic algorithm is
employed to solve the optimization problem in this paper.

VII. Numerical Simulations

The simulated displaced solar orbit is an Earth-synchronous orbit
with �0 � 0:98 AU and z0 � 0:001 AU (astronomical unit). The
lightness �0 and pitch angle �0 required to generate the orbit can be
obtained from Eqs. (6) and (7). The parameters related to the sailcraft
are given in Table 1.

The simulated sailcraft is designed with four congruent triangle
sails. Then, the geometric parameters �2, �

0
2, and �

0
1 are determined

by �1. Therefore, the optimization parameters are reduced to
Y � �S1 �1 l � �1�T . The results of optimal parameters and
objective function are listed in Table 2.

The optimized system is essentially marginally stable because the
maximum real part of the eigenvalues is zero, and all the eigenvalues
are six pairs of pure imaginary roots, given by 
1;2 ��j1:25�10�3�,

3;4 ��j1:25�10�3�, 
5;6 ��j1:99�10�7�, 
7;8 ��j1:99�10�7�,

9;10 ��j2:59�10�8�, and 
11;12 ��j5:92�10�10�. When all
parameters related to the sailcraft have been obtained, the coupled
dynamics of the sailcraft on the displaced orbit can be investigated.
The nonlinear coupled equations of motion given by Eq. (18) and the
kinematical equation given by Eq. (14) are employed to investigate
the attitude and orbit responses.

Instead of xo and yo, the radius in oxoyo plane, �o �
����������������
x2o � y2o

p
, is

employed to analyze the orbital stability. The coupled equations are

Table 1 Sailcraft parameters

Parameters Value

Sail density (	) 0:01 kg=m2

Bus 50 kg
Payload 20 kg
Density of support spars 0:1191 kg=m

Table 2 Optimal parameters

Parameters Value

S1 1531:54 m2

�1 162.95 deg
L 79.17 m
� 180.00 deg
�1 8.43 deg
� 3:90�10�20�
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integrated numerically with different initial orbital errors and attitude
errors. Five groups of initial values, labeled as groupsA, B, C, D, and
E, are used to investigate the orbital stability of the sailcraft with
passive stability design parameters. The initial errors for each group
are given in Table 3.

The simulation results are presented in Figs. 4–9. The pitch angle
responses, roll angle responses, yaw angle responses, radii
responses, and displacement responses are presented in Figs. 4–8,
while the orbits projected in the inertial frame are presented in Fig. 9.
The responses of the attitude include multifrequency components
because all the eigenvalues of the coefficient matrix are pure
imaginary numbers. Therefore, the responses of different time spans
are shown to illustrate the oscillations of different periods. The high-
frequency oscillations with a period of about 85min are related to the
eigenvalues 
1;2 and 
3;4, which can be observed from the
oscillations during the first day, as shown in the left columns in
Figs. 4–6. The long-period oscillations with a period of about 1 year
are related to the eigenvalues 
5;6 and 
7;8, which can be observed
from the oscillations during the first 1000 days, as shown in the

Table 3 Initial simulation errors

Case ��, rad �
, rad � , rad �x, km �y, km �z, km

A 1 � 10�5 1 � 10�5 1 � 10�5 0 0 0
B 1 � 10�3 1 � 10�3 1 � 10�3 0 0 0
C 0 0 0 1 � 103 1 � 103 1 � 103

D 0 0 0 1 � 105 1 � 105 1 � 105

E 1 � 10�3 1 � 10�3 1 � 10�3 1 � 105 1 � 105 1 � 105
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Fig. 4 Pitch angle responses for different initial errors.
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Fig. 5 Roll angle responses for different initial errors.
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middle columns of Figs. 4–6. The long-period oscillations with a
period of about 30,000 days are related to the eigenvalues 
9;10,
which can be observed from long responses during about
45,000 days, as shown in the right columns of Figs. 4–6.

From Fig. 4, it can be found that the pitch angle oscillates in the
vicinity of the equilibrium position. Because the rotation axis of the
pitch angle is close to the symmetrical axis of the cone formed by the
four sails, the forces and torques generated by the solar radiation
pressure are not very sensitive to the changes of the pitch angle.
When the pitch angle is small, the restoring torques are always
counteracted by the torques generated by other attitude angle errors.
Therefore, the pitch angle needs larger amplitude to obtain enough
restoring torques.

The responses of the roll and yaw angles are given in Figs. 5 and 6,
respectively. Compared with the amplitude of the pitch angle, the
amplitudes of the two attitude angles are rather small because the
forces and torques are very sensitive to the variations of the two
attitude angles, and small angles will generate enough restoring
forces and torques. The results presented by the figures show that the
amplitudes of different simulations are about 10�3 rad, and the
amplitudes are almost invariant with the initial errors.

From the radii responses in Fig. 7, it can be concluded that both the
initial attitude and orbital errors lead to the radii oscillations and the
oscillation amplitudes increase as either the initial attitude errors or
the initial orbital errors increase. The displacement responses are
shown in Fig. 8. Similarly, the oscillation amplitudes also increase
with the initial errors.

Last, the orbits for each case in the inertial frame are shown in
Fig. 9. When the initial errors are small, the orbit is almost periodic,
as shown in case A. As the initial errors increase, the trajectory of the
sailcraft becomes a belt around the displaced orbit, instead of a
circular orbit. The belt ranges increase with initial errors, as shown in
casesA–E. From the simulation results, it can be concluded that, with
small perturbations, the sailcraft is marginally stable on the orbit.

VIII. Conclusions

The criteria of passive stability include static and dynamical
requirements. For the static requirements, the equilibrium position of
the attitude should be the attitude required to generate the orbit. For
the dynamical requirements, whenever the attitude or orbit deviates
from its equilibrium position, restoring torques and forces should be
generated to stabilize the attitude and orbit.

A four-triangle-form sail is investigated in this study.According to
the design criteria of passive stability, the design problem is
converted into an optimization problem. Based on the optimal design
parameters obtained from the optimization method, the coupled

dynamics of the sailcraft are investigatedwith different initial values.
The simulation results show that the attitude angles oscillate around
the equilibrium point, and the oscillation amplitude increases with
the initial errors. The oscillation amplitudes of the roll and yaw
angles are almost independent of the initial values. The orbital
responses are similar to pitch angle responses, in that they oscillate
around the equilibrium point and the amplitudes increase with initial
errors. Therefore, to reduce the amplitudes of the oscillations, the
initial errors should be as small as possible.

Appendix A: Inertia Calculations

The inertia of a triangle sail, with an area of S and apex angle of �,
can be calculated in the frame defined as follows: the origin is the
mass center of the sail; the x axis points frommass center to the apex;
the z axis is perpendicular to the sail; and the y axis forms a right-hand
triangle. The edge of the triangle is given by

l�
����������
2S

sin �

s
(A1)

The distance from the apex to the mass center can be written as

h�
R
x ds

S
�
R l cos �
0

R tan
�
2x

� tan
�
2x
x dx dy

1
2
l2 sin �

� 4

3
tan
�

2
cos3

�

2
l= sin � (A2)

Then, the inertia of the sail is obtained as

Isx �
Z
�y2 � z2� dm� 	

6
tan3

�

2

�
h4 �

�
h � l cos �

2

�
4
�

(A3)

Isy �
Z
�x2 � z2� dm

� 2	 tan
�

2

�
h4

12
�
�
l cos

�

2
� h

�
3
�
h

12
� l

4
cos

�

2

��
(A4)

Isz �
Z
�x2 � y2� dm� Isx � Isy (A5)

Isxy � Isxz � Isyz � 0 (A6)

The transition matrixes, from the body-fixed frame to the frame as
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Fig. 9 Displaced orbits expressed in the inertial frame.
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defined by the principle axis of inertia, are labeled as AS1 , AS2 , AS3 ,
and AS4 . They can be written as

AS1 � R2

�
�

2
� �1 � �

�
(A7)

AS2 � R2

�
3�

2
� � � � �2

�
(A8)

AS3 � R3

�
�

2

�
R1

�
� 01 � �

2

�
R2

�
�1 �

�1
2
� �

�
(A9)

AS4 � R3

�
��
2

�
R1

�
� � � 01

2

�
R2

�
�1 �

�1
2
� �

�
(A10)

The mass centers of the four sails are labeled asO1,O2,O3, andO4.
Themass center vectors of the four sails, relative to themass center of
the sailcraft, are expressed as rOsO1

, rOsO2
, rOsO3

, and rOsO4
. Then, the

inertia of the four sails in the body-fixed frame can be given as

Isail � ATS1IsAS1 � 	S1
�
jrOsO1

j2E3�3 � rOsO1
	 rTOsO1

	
� ATS2IsAS2

� 	S2
�
jrOsO2

j2E3�3 � rOsO2
	 rTOsO2

	
� ATS3IsAS3

� 	S3
�
jrOsO3

j2E3�3 � rOsO3
	 rTOsO3

	
� ATS4IsAS4

� 	S4
�
jrOsO4

j2E3�3 � rOsO4
	 rTOsO4

	
(A11)

For the support spars, the frame, as determined by the principle axis
of inertia, can be defined as folows: the origin is themass center of the
spar; the z axis is along the spar; and the x and y axes are in the plane
perpendicular to the z axis. The inertia of the spar in the frame can be
obtained as

I B �
1

12
msparl

2

1 0 0

0 1 0

0 0 0

2
4

3
5 (A12)

where mspar is the mass of the spar, and l is the length of the spar.
The transition matrixes from the frame defined by the principle

axis of inertia to the body-fixed frame are labeled as AB1
, AB2

, AB3
,

and AB4
. They can be written as

AB1
� R2��1 � � � �2 � ��R1
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2

�
(A13)
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�
� �2

2

�
(A15)
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�
�2
2

�
(A16)

The mass centers of the four spars are labeled as B1, B2, B3, and B4.
The mass center vectors of the four spars, relative to the mass center
of the sailcraft, are expressed as rOsB1

, rOsB2
, rOsB3

, and rOsB4
. Then,

the inertia of the four spars in the body-fixed frame can be given as

Ispar � AB1
IBA

T
B1
�mspar

�
jrOsB1

j2E3�3 � rOsB1
	 rTOsB1

	
� AB2

IBA
T
B2
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�
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j2E3�3 � rOsB2
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� AB4

IBA
T
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�
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	 rTOsB4

	
(A17)

The inertia of the bus and the payload in the body-fixed can be
expressed as

I bus �mbrOsObr
T
OsOb

(A18)

I payload �mprOsOpr
T
OsOp

(A19)

where rOsOb and rOsOp are mass center vectors of the sailcraft to the

bus and payload, respectively.
The inertia of the sailcraft is the summation of the inertia of each

part, as given by

I � Isail � Ispar � Ipayload � Ibus (A20)

Appendix B: Quantity Expressions

The solar radiation force exerted on the sails can be given by

F 1 � 	S1
���n1 	 ns�2

r2
n1 � 	S2

���n2 	 ns�2
r2

n2 (B1)

F 2 � 	S3
���n3 	 ns�2

r2
n3 � 	S4

���n4 	 ns�2
r2

n4 (B2)

where r is the distance from the sail to the sun.
The items related to the equation of motion are given by

f�ro� � �
�

r3
ro (B3)

g�ro;nio� �
�
	S1

�0��n1
o 	 ro�2
r4

n1
o � 	S2

�0��n2
o 	 ro�2
r4

n2
o

� 	S3
�0��n3

o 	 ro�2
r4

n3
o � 	S4

�0��n4
o 	 ro�2
r4

n4
o

��
� �	�S1 � S2 � S3 � S4� �mb �ms �mp� (B4)

The moment relative to mass center of the sailcraft is given by

M Os
� rOsP1

� F1
b � rOsP2

� F2
b (B5)

where

F 1
b � 	S1

�0�
�
n1
b 	 nsb

	
2

r2
n1
b � 	S2

�0�
�
n2
b 	 n2

b

	
2

r2
n2
b

and

F 2
b�	S3

�0�
�
n3
b 	n3

s

	
2

r2
n3
b�	S4

�0�
�
n4
b 	nsb

	
2

r2
n4
b; nsb�A 	nso

where r is the distance from the sail to the sun;nso is the unit vector of
the solar-pressure direction expressed in the orbital frame; and A is
the transition matrix from the orbital frame to the body-fixed frame.

The coefficient matrices of the linearized coupled dynamic
equation can be obtained as

J� !0

0 �2 0

2 0 0

0 0 0

2
4

3
5 (B6)
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where

gnio � 	Si�0
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The unknown derivative items @Fib=@r (i� 1, 2) can be obtained
according to @Fib=@n

s
b (i� 1, 2).

Appendix C: Expressions of the Vectors in the Frames

The normal vectors related to the sailcraft can be expressed in the
body-fixed frame as

n � �cos�� � �� 0 sin�� � ���T (C1)

n 1 � �cos�� � �1� 0 sin�� � �1��T (C2)
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The pressure center for the resultant force generated by opposed sails
can be given by

jOP1j � h2 sec# (C6)

jOP2j �
h3

cos�� 01=2�
(C7)

where

#� tan�1
h1 � h2 cos �1
h2 sin �1

and hi is the distance from the apex to the mass center of Si (i� 1, 2,
3, 4).

The vectors of the pressure center, relative to point O, can be
written as

rOP1
� jOP1j
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The mass center of the whole sailcraft can be obtained by integrating
the system

r OOs �
R
r dm

�	�S1 � S1 � S3 � S4� �ms �mp �mb�
(C10)

where r is the vector of the mass point relative to point O.
Then, the vectors of the pressure center, relative to the mass center

of the sailcraft, can be obtained as

r OsP1
� rOP1

� rOOs (C11)

r OsP2
� rOP2

� rOOs (C12)
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The solar light vector can be expressed in the orbital frame as

n s � r1=r1 � �cos � 0 sin ��T (C13)

where tan � � z0=�0, r0 � ��0 0 z0�T .
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